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Renaissance European cities imposed an excise on wine and beer. Wine gaugers were 
employed to measure the contents of barrels. Antwerp was no exception. It organized 
competitions toappoint new gaugers. Results of two such competitions are given and show 
that the results for full barrels were satisfactory. It is also shown that the gaugers' remunera- 
tion was not very high, since, most probably, they regarded gauging as a source of extra 
income. Despite the fact that competitions were held, doubts about the competence of
gaugers remained. Some gaugers, Michiel Coignet among them, tried to improve measuring 
practices. In a second section it is demonstrated, using three approximations for barrels 
and using infinitesimal calculus, that the gaugers' formula for calculating the volume of a 
barrel yielded results which were presumably within the measuring errors. This is not the 
case for their formula for partly filled barrels. © 1994 Academic Press, Inc. 
In de Renaissance hieven de steden een accijns op wijn en bier. Om de inhoud van de 
wijnvaten te meten werden wijnroeiers in dienst genomen. Antwerpen was hierop geen 
uitzondering. Het organiseerde w dstrijden om nieuwe wijnroeiers aan te werven. De resulta- 
ten van twee zulke wedstrijden worden besproken en tonen aan dat de metingen voor voile 
vaten bevredigend waren. Er wordt aangetoond dat het loon van de roeiers laag was zodat 
ze het waarschijnlijk als bijverdienste beschouwden. Ondanks het feit dat er wedstrijden 
georganiseerd werden, bleef er twijfel over hun competentie b staan. Sommige wijnroeiers, 
zoals Michiel Coignet, probeerden de roeimethoden te verbeteren. In een tweede deel zal 
aangetoond worden, door gebruik te maken van drie benaderingen, dat de meetresultaten 
meestal binnen de meetfout lagen. Dit was niet het geval voor gedeeltelijk gevulde 
tonnen. © 1994 Academic Press, Inc. 
Wahrend er Renaissance l gten die europiiischen Stiidte eine Steuer auf Wein und Bier. 
Visierer wurden angestellt, um den Inhalt der Fasser festzustellen. Antwerpen war keine 
Ausnahme. Antwerpen organisierte Wettkampfe um neue Visierer anzustellen. Die Ergeb- 
nisse zweier dieser Wettkhmpfe werden beschrieben u d es wird gezeigt, dab die Resultate 
fiir v611ig ausgeftillte Fassern befriedigend waren. Die Besoldigung der Visierer war nicht 
sehr hoch, aber wahrscheinlich sahen sie diese Arbeit als einen Nebenverdienst an.Ungeach- 
tet der organisierten Wettkhmpfe blieben Zweifel an ihrer Fahigkeit. Angesehene Visierer, 
wie Michiel Coignet, versuchten die Praxis des Messens zu verbessern. In einem zweiten 
Teil wird mit Hilfe des Infinitesimalkalktils gezeigt, dab die Fehler, die sich aus der Formel 
fiir den Inhalt eines Fasses ergeben, nicht gr6Ber als die Messungsfehler sind. Dies war 
jedoch nicht der Fall ffir die nur teilweise gefiillten Fasser. © 1994 Academic Press. Inc. 
MSC 1991 subject classifications: 01A40, 01A80, 01A99. 
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I. INTRODUCTION 
During the 16th century, various European cities were engaged in a profitable 
trade. Barrels were used to transport not only wine and beer but also honey, oil, 
and fish. Determining the volume of the contents, without pouring them out, 
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was important for both vendor and purchaser. It was equally important for city 
governments, which put an excise duty on the sale of barrels and on the conveyance 
of barrels in transit. We know that by the 13th century the city governments 
appointed wine gaugers to measure the contents of barrels. During the 16th cen- 
tury, a number of books were published about the use and construction of the 
gauging rod, a graduated stick used to measure the diameter and the length of the 
barrels. The oldest known Dutch manual about wine gauging was published in 
1513 by Thomas vander Noot. (For a detailed description, see [3] and [4].) Very 
often the writers of these manuals were teachers of arithmetic, who in some cases 
were also wine gaugers. They were not academically trained and taught calculating 
techniques--such as fractions, the rule of three, and also accounting--to inter- 
ested persons, primarily the sons of merchants. It is no surprise that teachers 
wrote gauging manuals, as measuring and calculating volumes required arithmetic 
skill. 
Wine gaugers were true mathematicians i  the 16th-century context as described 
by Bennett [2]. In his view, one of the trademarks of 16th-century mathematics 
was the ability to use an instrument. The mechanical philosophy treated the 
world as a machine which could be understood through the techniques of the 
mathematical practitioner such as the wine gauger who combined mathematical 
abilities and technical skill in the solution of practical problems. This activity had 
no investigative purpose, but aimed solely to determine the volume of liquid in a 
barrel as exactly as possible. While gaugers ucceeded in measuring the volume 
of a full barrel within reasonable limits, they were defeated by the problem posed 
by partially filled barrels. This difficulty, however, encouraged the more enquiring 
minds among them to investigate mathematical methods for determining the vol- 
ume of containers and thus to develop practices and instruments for solving the 
problem. In the 17th century, this very practical problem influenced the infinitesi- 
mal calculus and vice versa. Although solutions from calculus affected the practice 
of gauging, ~ we will not focus on this aspect of the historical question here: rather 
we will describe the practice of the gaugers within a limited period (1550-1620) 
and in a single city, Antwerp. 
As Folkerts [11] has noted, most of the 16th-century gauging manuals originated 
in Germany, Austria, and the Low Countries. (While some French manuals are 
known, none has come to light in the British Isles, Italy, or Spain, in spite of the 
fact that cities in these countries undoubtedly employed wine gaugers.) Antwerp 
thus provides a good example for consideration, since in the middle of the 16th 
century it was one of the largest and wealthiest cities in Western Europe. By the 
end of the century, however, religious and civil wars, together with the sack of 
the city in 1585, would bring disaster and economic recession. The Antwerp City 
Archives (denoted SAA) contain a wealth of information about this period in the 
Among the mathematicians who, at some time or other, devoted attention to the measurement of 
barrels, are J. Kepler and J. H. Lambert. Kepler's Nova Stereometria doliorum (1615) was the first 
book to present a systematic study of the volumes of barrels based on geometric principles. 
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city's history. From these archives a picture, albeit a fragmentary one at times, 
can be drawn of the daily practices of a wine gauger. 
In the following section, we describe briefly the mathematical background of 
the gauging technique, referring the interested reader to [11] for further details. 
The third section deals with the relationship between the gaugers and the excise 
office as well as with complaints about he gaugers and with the results of recruiting 
examinations. The final section presents calculations to show whether or not the 
gaugers performed adequately, given the methods at their disposal. 
II. MEASURING PRACTICE IN THE 16TH CENTURY 
Wine gaugers generally assumed that a barrel was cylindrical. If the diameter 
d and the length I of a cylinder are known, then the volume is given by 
V = 4d21. 
If a cylinder of length/0, diameter do, and hence volume V 0 is taken as the standard, 
then the volume of any other cylinder can be expressed in terms of Vo. Taking 
l = alo and d = bdo then yields 
V = ab2Vo . 
Since this last formula does not involve the value 7r, the calculations are simplified. 
Although V 0 is arbitrary, the formula is further simplified if V0 is taken to be the 
unit volume used in the city. 
How was a given barrel approximated by a cylinder? First, a cylinder of the 
same length as the barrel was chosen. It was then assumed that the cylinder whose 
base area was a mean of the base areas at the ends and at the bulge of the barrel 
(i.e., the widest diameter) had the same volume as the given barrel. The length 
of the barrel was measured, and a gauge was introduced through the bunghole to 
measure the diameter. Finally, the diameters of the ends were measured, and 
these various measurements were applied to the formula 
G b ~ = 1 1 2 end 2) + = ~ [~ (end1 + bulge 2] 
for the base area of the equivalent cylinder. (For notations, see Fig. 1.) It is not 
known how wine gaugers arrived at this particular formula. Setting V 0 = 1, the 
unit volume gives 
V = aG,  
where a = 1/1 o, as before. 
To simplify the calculations, a quadratic scale of graduations was etched on the 
gauging rod; i.e., the numbers 1, 4, 9 . . . . .  n 2 were written at the 1st, 2nd, 3rd, 
• . . , nth division (Fig. 2b). These numbers were called "depth points." Those 
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depth points which were not perfect squares were constructed either geometrically 
using the Pythagorean theorem [15] or algebraically using a table. 2 
To avoid multiplication of length and depth, a so-called change rod (Fig. 2c) 
was used during the 16th century. The change rod, judging from Folkerts's bibliog- 
raphy [11], seems to have originated in southern Germany. The first known Dutch 
manual which explained the construction of the change rod was a book by Willem 
Raets, edited by Michiel Coignet. It was published in Antwerp in 1580. 3 On each 
side of the change rod a table was engraved in such a way that the volume could 
be read off immediately after measuring length and diameter. First of all, the 
gauger measured the length (using the linearly graduated side of the rod). The 
length measurement dictated which table to use. Then the gauger introduced the 
change rod into the bunghole and measured the diameter. For example, if the 
length was 3 and the diameter 2, in the table for length 3, the volume was read 
off as 12V0. 
The method described above is found in many gauging manuals, although there 
seemed to be no consensus as to which method applied best in calculating the 
volume of a partially filled barrel. Some manuals did not even mention a formula 
2 In the table which was used to construct the rod (using modern terminology), the decimal parts 
above the previous depth point were given. The values of the square roots between 1 and 4 would 
be given as: 1 000, 2 414, 3 732, 4 000. This means that the second depth point should be 414/1000 
units above the first. 
3 Because the 1580 edition is an annotated reprint of the 1567 edition, it is likely that this 1567 book 
is the first Dutch manual in which the change rod is described. Although we know it was printed, 
there is no known copy extant. Little is known about the author, Willem Raets, except hat he lived 
at Antwerp in the 1560s and died before 1576. Although his arithmetic and gauging manual may suggest 
otherwise, he was neither a teacher nor an official wine gauger. He was engaged in some kind of 
trade. [SAA Pk 640, 97r-v, 99r; Pk 1409 f24-27 (1567); Cert 30, f251v (1569).] 
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for dealing with this problem, and Folkerts does not describe those methods which 
were presented. In the manual by Raets, we find the formulae 
1 (~ (bulge2 + depth 2 end~ + end!) ) 
G = ~ 2 + 2 + depth/ 
V = aGV o, 
in which "depth" denotes the depth of the liquid in the horizontal barrel at the 
bunghole, V0 the volume of the gauging standard, and a the length relative to the 
gauging standard of length. 
Coignet, the editor of Raets's book, found this formula unsatisfactory and stated 
that authors of wine gauging books "all write the same, one copying another, 
without checking the formula; because the test shows that this formula is false" 
[ 19, fQv-Qijr]. Calculations described in section four below reveal that the relative 
error in the calculated to the real volume of liquid is indeed large. Coignet noted 
that while certain Italian tables gave the volume of a barrel relative to the depth 
of the liquid, they were based on differently shaped barrels from the ones used 
in the Low Countries and so were useless. He further claimed that in 1573 he 
found "the General Rule, using the Art of Geometry" [19, fQijv] which solved 
the problem of determining the volume of liquid in partially filled barrels. Unfortu- 
nately, he did not give his rule "because it takes more instruction than can be 
given here" (see [19, fQijv]). We may conjecture that the additional instruction 
required involved his pantometer. 
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Coignet described the pantometer in a number of manuscripts dating from the 
period 1610-1620. We draw here from two of them: Vsus Duodecim Diuisionem 
geometricarum [Koninklijke Bibliotheek Albert I, Brussels, 11769] and El uso de 
las dos diuisiones geometricas [Stadsbibliotheek Antwerpen, B264708]. Originally 
the pantometer or pantometric rule consisted of graduated lines on a metal plate 
without moving parts. It was used with a pair of dividers to solve problems by 
construction and measurement. Coignet transferred his scales to a sector before 
1612. This made mechanical computation possible in an age in which most people 
were unable to perform elementary calculations by hand. The sector (sometimes 
called the proportional compass 4)is a set of dividers with scales engraved on the 
arms. It works on the principle that the corresponding sides of similar triangles 
are proportional. (In practice, isosceles triangles were used.) The scales on the 
arms were copies of the desired function f. 
For example, if f represented the square root, the numbers 1, 4, 9 . . . . .  n z 
were engraved at lengths 1, 2, 3 . . . . .  n from the pivot. The user solved the 
problem f(m)/f(n) = a/b by setting a pair of dividers equal to a and opening the 
sector until they bridged the two scale markings of f (m) (see Fig. 3). Resetting 
the dividers to length b and moving them up and down the scales until the dividers 
bridged a second matched pair of markings produced f(n). 5 Thus to solve 
4 In other languages (Dutch, French, and German), proportional compass has become the common 
term for this kind of instrument. In English, however, the term is also used for a drafting instrument. 
We will therefore r fer to it as a sector, the name by which it became known in English. 
The history of the sector is traced by Schneider [23]; Galileo's contribution is highlighted byDrake 
[9] and [10]. 
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V~/V~x = ½ using the sector, the user opened the sector in such a way that the 
distance between the 2-markings equaled 1 (unit of length). Taking the opening 
of a pair of dividers equal to 2 and sliding this along the sector showed that the 
opening exactly fit between the 8-markings. This implied that x = 8. 
The sector was introduced into the gauging practice during the first half of the 
17th century. In addition to Coignet's manuscripts, Adriaan Metius' Arithmeticae 
et Geometricae (1634) also described the sector as a gauging instrument. At first 
glance, the military context in which Coignet described his sector seems to have 
had little to do with gauging: however, knowing that gunpowder was transported 
in barrels, the link immediately becomes clear. 
In his manuscript, Coignet actually described a set of two sectors. Three sets 
of scales are engraved on the front and the back of each sector. (Figure 4 shows 
one side of one of the sectors.) With these scales, among other things, the area 
of a circle can be calculated relative to the radius. More important, the area cut 
off by a given chord relative to the area of the circle can also be calculated. 
To measure the volume of liquid in a partially filled barrel, Coignet used the 
following method. He assumed a cylinder of length equal to that of the barrel. 
He then called for the calculation of the height which the liquid would have in 
the cylinder. He did not indicate how this should be done, but we can deduce the 
method from a statement made by Kepler in his Messekunst [13] in which he cited 
Coignet's work. Kepler wrote that the depth of the liquid in the cylinder was the 
mean of the depth of the liquid at the bunghole and the diameter of the ends of 
the horizontal barrel (not the squares of the diameters as in the above method). 
In an example, Coignet set the base area of the cylinder equal to 60 and then, 
using his pantometer, calculated the area of the circular segment. Multiplying this 
area by the length of the cylinder yielded the volume of the liquid. He then 
calculated the dimensions of the barrel which would be completely filled by the 
volume of the liquid in the original barrel. 
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III. WINE GAUGING AT ANTWERP 
1. Antwerp and the Wine Trade 
Initially, only the wines of Brabant (Leuven, Hageland) were traded. It is even 
mentioned that vineyards existed within the city walls [17, 171]. According to 
Prims [17], trade began at least in the 10th century with the sporadic importation 
of Rhenish wine. Later, in the 13th century, Rhine wine was imported on a regular 
basis. During the 14th century, the French wine trade burgeoned, and still later, 
Mediterannean wines and liqueurs were imported. By the middle of the 16th 
century, the proportion of the different wines was 50% Rhine, 25% French, and 
25% others [7, 12]. 
The citizens of Antwerp consumed only a mere 25 liter/person/yr [7, 12] and 
purchased but a quarter to a third of the imported wines. The city, however, 
served as a transit center for the wine trade, with Rhine and French wines sold 
in the Flemish and Dutch provinces [7, 12] and Mediterranean wines transported 
to the Baltic states [12, 98]. The largest part of the beer market, on the other 
hand, consisted of local 6 and Brabant beers. English, German, and Baltic beers 
accounted for only 5% to 10% of the market [7, 98; 21; 347 and 1188], and beer 
consumption was about 350 liter/person/year [24, 350-351]. 
During the 14th century, an excise duty on wine and beer was introduced, 
together with excises on commodities such as butter and cheese, herring and salt, 
and on the milling of grain. The wine excise was farmed out with rent determined 
yearly, but paid monthly, or even weekly [SAA, T6, Accysboeck, f liijr-v]. That 
the local authority deemed the wine excise very important is clear from the fact 
that no barrel without a mark from the tax collector could be sold in the city 
[SAA, Pk917, p. 170]. Attempts to avoid this duty resulted in the almost yearly 
issuance of revised regulations by the local authority. 
The wine excise duty, possibly the first introduced, initially brought he greatest 
revenues. In the 16th century, however, the excise duty imposed on beer overtook 
the wine excise, yielding between 45% to 65% of the revenue from this source 
[24, 349]. Both excise duties together accounted for one half to three quarters of 
the total income from excises. In 1551, for example, the beer excise accounted 
for 44% of the total, with wine bringing in 25%. In the second half of the 16th 
century, the share of the wine excise dropped to 15% [7, 15-16]. These relative 
figures obscure the fact that during the last quarter of the 16th century, the income 
from the beer excise dropped by nearly one third, from 3,174,054 to 2,158,722 
Brabant groats [26, 521]. 
2. Wine Gauging and City Excises 
The local authority in Antwerp imposed a tax on wine transportation as well 
as an excise on selling wine in the city. This necessitated official control, which 
was established through two offices, one for the beer excise and one for the wine 
6 Before the middle of the century, local beer production had a share of about 55% of the market. 
This proportion grew larger in the second part of the century, owing, among other things, to Gilbert 
van Schoonbeke's ntrepreneurship in this sector [24]. 
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excise. Since the beer excise office was concerned more with the control of the 
city's brewers than with actually measuring barrels [14, 91], the operations of the 
wine excise office shed more light on the historical questions at hand. 
The wine excise office employed two wine gaugers, who were appointed for 
life, If a wine gauger was called in to measure the volume of barrels, the regulations 
required that he be accompanied by a so-called vuytschryver or writer. Writers, 
several of whom were employed by the city, were assistants to the collector of 
excises. Their operations were so organized that there was always at least one 
writer at the excise office to assist a gauger or other person in need of his services. 
The writers had to report daily at 8 am (7 am in summer) at the excise office, 
where they had to stay until they were given permission to leave by the excise 
keeper [SAA, Pk 1409, f2r]. 
The first thing a writer had to do when called in to assist a wine gauger was to 
taste the contents of a barrel to establish the kind of excise and to check whether 
the barrel was filled with wine or water [SAA, Pk1409, f2r]. This led merchants 
to try and evade the wine excise through tricks aimed at duping the writers into 
believing that their barrels were filled with water instead of wine. Therefore, 
beginning in 1564, all writers were supplied with a gimlet for drilling holes so that 
they could determine whether the barrel contained wine or water [14, 84]. 
After measuring the barrel, the wine gauger put his brand on the barrel so that 
if his calculation were later found to be in error, he could be held responsible, 
with possible financial consequences. The writer entered anote in the excise book 
and issued a notice to the merchant which was signed by both wine gauger and 
writer. Only after taking the notice to the excise office could the merchant sell 
his wine or carry the barrels through the city. At the excise office, notices were 
compared with the excise book [SAA, Pk917, 173-174] so that if either the writer 
or the gauger had made a mistake, the appropriate person could be fined. Of 
course bribery could not be discounted even if two different officials dealt with 
the merchants. Heavy fines were therefore imposed on those caught aking bribes. 
A wine gauger, for example, could expect a fine of 25 guilders, a considerable 
sum compared to his yearly earnings, and he also faced censure or worse. 
In addition to measuring full casks, wine gaugers also measured the remainders 
of beer and wine at the inns 7 in order to verify beer and wine consumption and 
thereby levy fairly the tax imposed on local consumption [SAA, T521, Wijnac- 
cijns]. Wines in transit were taxed differently, and wines that had turned sour 
were exempt from the excise. Moreover, wine consumed at inns was taxed at a 
higher rate than that intended for private consumption [14, 77]. By law, the wine 
gauger visited the innkeeper quarterly. The writer then compared the amount of 
wine in stock with the previous amount ogether with that purchased within the 
last three months [14, 83]. This control obviously meant hat the gaugers hould 
7 See the letter from C. Plantin to Benito Arias Montanus, in which he tells the latter that Michiel 
Coignet, instrument maker and wine gauger, could not deliver the required instrument in time because 
he was too busy measuring the barrels at inns [22, V, 106-108, letter nr. 692]. 
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have been able to measure the contents of a partially filled barrel. As shown in 
the next section, however, this was not the case. 
It is uncertain how much gaugers were paid. As one of the city's account books 
suggests, they apparently did not receive any remuneration from the city [SAA, 
T520, Stadsrekening 1577-1578]. Rather, they were paid each time they measured 
a barrel. A contrerolle (control book) of 1593 indicates that they received only 4 
stuivers (shillings) a barrel (1 guilder = 20 stuivers), [SAA, Pk1409, f43r] with 
the total annual income divided equally between both gaugers. During the 1560s, 
when Antwerp employed three gaugers, that income was divided by the three. 
Even after one of the men died and the city did not hire a replacement, it still 
kept the third part for the city treasury. In the 1590s, the city relented and again 
paid the gaugers half of the income [SAA, Pk667, f42r-v; R38, f66r-v]. 
We do not have any data on the total remuneration of a gauger prior to the 
sack of Antwerp in 1585, but after that date, their financial situation seems to 
have been bleak. In 1590 in a request o the mayor, Michiel Coignet, at that time 
elder of the gaugers and keeper of the contrerolle, claimed that his earnings from 
gauging were "so small and miserable that it is impossible for me to keep on 
serving on this basis" [SAA, Pk1409, f40r]. He repeated his requests in 1593 and 
1595 until he finally resigned in 1596 [SAA, Pk672, f47r-47v; Pk674, fl01r-101v; 
Pk676, f76r-76v]. In April of 1593, Coignet compared his earnings of only 180 
guilders with those of both the writer, who received about 200 guilders, and the 
bookkeeper at the excise office, who earned 400 or 500 guilders. He therefore 
proposed that the city pay him 400 guilders a year, but it countered only with a 
single grant of 100 guilders [SAA, Pk672, f47r-47v]. 
3. Doubts about the Competence of the Gaugers 
It should come as no surprise that arguments arose between the gaugers and 
the excise keepers, the latter of whom knew that no two gaugers would likely 
assign the same volume to a given barrel. (See the next section.) Indeed, in 1551, 
the conflict between the gaugers and the excise keepers had reached such a fevered 
pitch that the merchants complained to the mayor and asked him to appoint 
another city wine gauger [SAA, Pk 1409, f8r-8v]. They even proposed a certain 
Peter van Aelst, a gauger from Nuremberg, whom they claimed to be very compe- 
tent in gauging barrels. They requested that the magistrates name a date on which 
he could demonstrate his abilities, in the hopes that excise keepers and merchants 
alike would benefit from the services of a different official. 
On November 14, 1551, a contest was staged between Peter van Aelst and 
the two official gaugers, Jan Morchoven and Bernaert Doudens. Van Aelst's 
measurements were consistently higher (and closer to the real volume) than those 
of the official gaugers [SAA, Pk1409, f9 ff]. (It would be interesting to know 
whether he used a different method or if he made a different correction to his 
calculations on account of the slightly different shape of Nuremberg barrels.) As 
a result of his performance, Van Aelst won appointment as third gauger and on 
November 20, 1551, became a freeman of the city [1, 1977 I, 40]. 
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In his letter of resignation of 1596, Michiel Coignet suggested the reinstitution 
of the pre-1585 practice of appointing a gauger only after a contest. One reason 
he proposed this was that some gaugers "put the volume of a barrel more than 
an aam greater than the real volume" [SAA, Pk1409, f49r], and he said that they 
are "no masters of their work" [SAA, Pk1409, f49r]. His assertion that some 
wine gaugers were incompetent was shared by Martin vanden Dycke: "some 
gaugers do not understand the fundamentals of arithmetic and do not know how 
to make a proper multiplication, especially if large numbers are used" [25, 19]. 
In addition to the practical test, Coignet also proposed that the would-be gaugers 
take an examination i  the measures used in the cities and countries with which 
Antwerp traded: the Rhineland, Majorca, Seville, the Barbary coast, and the 
Dutch staple towns of Dordrecht and Middelburg. If they did not know the mea- 
surements used in the towns of origin, they should be able to measure the volume 
in the barrel in Antwerp measures exactly. Unfortunately, Coignet did not specify 
which practical test the gaugers should take, but he believed the examinations 
were necessary because the merchants had lost their trust in the gaugers. This 
mistrust manifested itself in the fact that as soon as a merchant purchased a barrel, 
he called in a second wine gauger to check whether the certified volume was 
indeed the true volume [1, Pk1409, f40r]. 8 
Doubts about the competence of gaugers remain a constant heme throughout 
the years. In 1609 a Merten vanden Ende asked the city government to employ 
him as a third gauger. He argued that he had heard from many merchants that 
neither official gauger was well versed in arithmetic or geometry and that they 
did not know the foreign measures [SAA, Pk1409, f53r-53v; Pk 697, Requestboek 
1609, f129v]. He further argued that employing him would cost the city nothing. 
He did not require a fee and proposed that he take one third of the total income 
from gauging, as had been the case when the city had employed three gaugers in 
the past. 
The official gaugers, Peter de Cock and Gabriel van Bemel, did not, of course, 
agree. They argued that it was unnecessary to know foreign measurements, since 
measuring the barrels provided a check on the measure given by the foreign 
gauger. They argued further that the addition of a third gauger would decrease 
their share of the total income. This was unfair because, despite the small wage 
they had earned in the recent past (due to the economic recession), they had 
nevertheless erved the city faithfully [SAA, Pk1409, f56r-61r]. The argument put 
forth by De Cock and Van Bemel is interesting because it contradicts Coignet's 
proposals of 1596, in spite of the fact that De Cock was an apprentice of Coignet 
[SAA, Pk1409, f50r] and Van Bemel had received his endorsement [SAA, Pk1409, 
f62r]. The excise keepers defended their gaugers, saying that no mistake by them 
had ever been recorded [SAA, Pk1409, f62r]. The truth of this statement is doubt- 
ful, however, given that the gauger, Van Bemel, had already run into trouble in 
8 Apparently Coignet is referring to unofficial wine gaugers who measured barrels for merchants 
when no official control was necessary. 
132 AD MESKENS HM 21 
September 1605, when some merchants tried to prevent him from measuring 
barrels by threatening to beat him [SAA, Pk690, f151o]. 
That doubts about the gaugers' competence remained should come as no sur- 
prise. They used approximative methods, some of which were better than others. 
A small reading error might cause a considerable difference in volume. Moreover, 
partially filled barrels put the gaugers at a disadvantage. They had as yet no 
method at their disposal for making good approximations. They may have found 
approximations for certain kinds of barrels by empirical methods, but these were 
invalid for barrels of different shapes. As will be shown in the next subsection, 
the gaugers imply could not give a good estimate of the volume of a liquid in a 
partially filled barrel. 
4. Testing for a New Gauger 
Before 1585, Antwerp employed two official wine gaugers [SAA, Pk1409, f35r], 
and when one of them died or retired, a contest was held to secure a replacement. 
The contest was announced publicly, notably in churches; requirements were 
specified; and a date for the event was set. 
The wine gauging file of the Antwerp City Archives contains manuscripts de- 
scribing two cases of a competition to appoint a new wine gauger. One of these 
contests was held in 1567 [SAA, Pk1409, f35r]; the other cannot be dated exactly, 
but seems to have been organized between 1564 and 15769 . Both texts detail the 
rules for and the results of a competition among wine gaugers. 
We have very little biographical information about the contestants. Some came 
from Antwerp, others from Mechelen, Leuven, or other neighboring cities. Of 
the contestants known to have lived in Antwerp, we note that none of them was 
a teacher. We return to this issue below. 
It is also interesting to note that in both cases the gauging rod required construc- 
tion geometrically. Most likely this implies the use of some kind of quadratic rod. 
The subdivisions on a quadratic rod, for which the square roots of the natural 
numbers have to be found, are easily constructed using the Pythagorean theorem 
[15]. Nevertheless tables giving square roots to three decimal places existed, so 
that the subdivisions could also have been found by simple measurement. (See 
Section II.) A gauger who could not construct his gauge geometrically was not 
considered worthy of the office of municipal wine gauger. In 1567, the gaugers 
even had to make their gauging rod on the spot, within a given amount of time, 
from sticks branded in advance by city officials to indicate the minimal size of 
the rod. 
9 See [SAA, Pk 1409, fl3r]. Tables Ia and IIa. One of the contestants was Willem Raets. Since he 
died in 1576 or shortly before, this sets an upper limit on the date of the contest. A recommendation 
from the mayor of Leuven, intended for the Antwerp jury, on behalf of Amant van Bullestraete is 
dated November 23, 1564 [SAA, Pk1409, f14). We are not sure, however, whether it was for this or 
another contest. If Joas le Puscheur (see Section III.5) and Joos le Pescheur are one and the same 
person, then we can set the date prior to 1566, as he was probably travelling through from Lille on 
his way to the north. 
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Both contests consisted of two tests. In the first, the gaugers had to measure 
the volume of six barrels which had previously been filled to the top using a 
"measuring glass." After the gaugers had taken measurements, some barrels were 
partially emptied, and the gaugers had then to measure the wannicheyt or volume 
of the empty part of the barrel. The barrels were again filled with a "measuring 
glass" to find out the real volume of the empty part. 
Tables I and II summarize and analyze the results of two contests, one of 
unknown date (the tables denoted "a")  and one which took place in 1567 (the 
tables denoted "b").  Tables Ia and Ib give the respective r sults in the competitions 
for measuring the filled barrels, while Tables IIa and lib present the findings for 
partially filled barrels. (The relative errors associated with the various measure- 
ments are given in brackets.) 
As we can see in Table I (for full barrels), the relative errors are rather small 
and are, in fact, much smaller than expected. Most fall within the range found in 
the calculations presented in Section IV below. On the other hand, if we assume 
that the errors which are larger than 10% are due to mistakes in measurement 
and/or calculation, we can say that most gaugers did a good job, given the measur- 
ing devices they had at their disposal. What is surprising is not that the measured 
volumes are in error, but rather the range of the errors. Not only do the gaugers' 
measurements differ considerably, but there seems to be no consistency in the 
measurements of a single gauger. This allows us to conclude that he measurements 
do not reflect a systematic error in the method used. 
If we now look at the figures for the partially filled barrels, the results seem 
hopelessly poor. The maximum error is 128%! (Because a larger standard (the 
schreef instead of the pot) was used in the first competition, the initial absolute 
error may be larger and consequently the relative errors may be larger.) Yet, 
whereas in the case of full barrels the errors may be due to measuring and/or 
calculating mistakes, in the second case the errors seem to reflect he inability of 
the gaugers to measure a partially filled barrel. 
During the 1567 competition, in fact, two gaugers refused to measure the partially 
filled barrels, claiming that the announcement had not mentioned the requirement 
and that they had not brought he gauges necessary for the job. Carel Blommaert, 
who later became an official gauger, stated explicitly that he preferred not to 
measure partially filled barrels but did it only because itwas part of the examination 
[SAA, Pk1409, fl7v]. The comments of the gaugers who refused to do this part 
of the test are interesting. They suggest that special rods existed to measure the 
contents of partially filled barrels. In the next section, we show that the exact 
calculation of the volumes requires irrational functions. In practice, this means 
that no simple calculation or approximation exists and that it is virtually impossible 
to calculate the volume on the spot without he aid of some kind of calculating 
device. The gauge the two contestants claimed to have left behind might have 
been just such a device. How it was graduated is not very clear. Such a rod (or 
graduation) would have had the disadvantage that it could only have been used 
for barrels of a fixed diameter, namely, cylinders. 
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TABLE I 
THE VOLUMES MEASURED BY THE DIFFERENT WINE GAUGERS COMPARED TO THE REAL VOLUME 
EXPRESSED IN ANTWERP POTTEN (RELATIVE ERRORS GIVEN IN BRACKETS) 
(a) 
773 340 332.5 250.5 172 152.5 
Wouter van Narssen 766 337 384 250 152 150 
(-0.91) (-0.88) (15.48) (-0.19) ( -  11.63) ( -  1.64) 
Carel Blommaert 716 258 354 233 192 154 
(-7.37) (-24.12) (6.47) (-6.99) (11.63) (0.98) 
Martin van Hanswijck 761 337 351 252 181 153 
( -  1.55) (-0.58) (5.56) (0.60) (5.23) (0.33) 
Philips van Maelsteden 625 346 352 254 168 144 
( - 19.14) (1.76) (5.86) (1.40) ( -  2.33) ( -  5.57) 
Joos le Pescheur 748 324 343 245 176 143 
(-3.23) (-4.71) (3.16) (-2.20) (2.33) ( -6.22) 
Anthonis van Narssen 737 358 346 250 177 152 
(-4.65) (5.29) (4.06) (-0.19) (2.91) (-0.33) 
Hans van Hanswijck 767 330 352 251 180 158 
(-0.78) (-2.94) (5.86) (0.19) (4.65) (3.61) 
Rijckaert de Raeymaker 758 325 352 248 175 152 
( -  1.94) (-4.41) (5.86) ( -  1.00) (1.74) (-0.33) 
Willem Raets 791 350.5 366.5 264 183 154 
(2.32) (3.08) (10.23) (5.39) (6.39) (0.98) 
Isaac Caroudeulx 758 335 335 254 181 158 
( -  1.94) ( -  1.47) (5.26) (1.40) (5.23) (3.61) 
Amant van Bullestraete 790 337 354 251 178 158 
(2.20) (-0.88) (6.47) (0.19) (3.49) (3.61) 
(b) 
787.75 743 815 476.75 313 335 
Wouter van Narssen 750 700 884 466 316 332 
( - 4.79) ( - 5.78) (8.45) ( - 5.03) (0.96) ( - 0.90) 
Reuixel van Narssen 778 726 774 474 307 329 
( - 1.24) ( - 2.29) ( - 5.03) (0.58) (1.92) ( - 1.79) 
Gomaer van Boesdonck 406.75 470.5 478.25 561.3 232 347.75 
(-48.37) (-36.68) (-41.32) (17.73) (-25.88) (3.81) 
Hans van Hanswijck 792 713 762 474 317 334 
(0.54) (-4.04) (-6.50) (0.58) (1.28) (-0.30) 
Daniel de Bock 790 728 834 490 322 333 
(0.29) (-2.02) (2.33) (2.78) (2.88) (-0.60) 
Karel Blommaert 788 728 802 492 312 336 
(0.33) (-2.02) ( -  1.60) (3.20) (-0.32) (0.30) 
Willem Raets 762 716 796 496 324 220 
( - 3.27) ( - 3.63) ( - 2.33) (4.04) (3.51) ( - 34.33) 
Anthonis van Narssen 779 718 787 472 306 333 
(-1.11) (-3.36) (-3.44) (1.00) (-2.24) (-0.60) 
Aert de Wijnroeier 788 708 776 458 304 316 
(0.03) (-4.71) (-4.79) (-3.93) (-2.88) (-5.67) 
Note .  It is difficult to reduce the given measures to one standard since the standards in gauging 
manuals are not consistent. The following explanation of the standard measurements may be found 
in some Antwerp manuals: 2 pinten = 1 pot,  4 pot ten  = 1 schreef,  24 schreven = 1 aam,  and 100 
potten = 1 aam. Clearly, either there are 4pot ten  too many in an aam, or 1 schreefconta ins  a little more 
than 4 potten.  Sixteenth-century authors give leakage as the reason for this apparent inconsistency, that 
is, some liquid is spilled in the process of filling a barrel. To reduce the measurements to potten,  
however, we have kept these equalities. Thus, 1 aam 2 schreven 3 pot ten will be rendered as 100+ 
2 • 4 + 3 = 111 potten) .  The results for the 1567 competition are given in (b); the results for the other 
competition i  (a). 
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TABLES II 
MEASUREMENTS OF THE EMPTY PART OF THE BARREL AND ERROR RELATIVE TO THE 
REAL EMPTY PART 
(a) 
9 7 13.5 
Wouter van Narssen 13 15 20 
(44.4) (114.2) (48.1) 
Carel Blommaert 15.5 7 13 
(72.2) (0) ( - 3.8) 
Martin van Hanswijck 10.5 9.25 13 
(16.6) (32.1) ( -3 .8)  
Philips van Maelsteden 17 11 14 
(88.9) (57. l) (3.8) 
Joos le Pescheur 15.25 6.5 7.75 
(69.4) (7.1) ( - 42.6) 
Anthonis van Narssen 13 16 20 
(44.4) (128.6) (48.1) 
Hans van Hanswijck 10 5.25 11.5 
(11) ( -25)  ( -  14.8) 
Willem Raets 12.75 9.75 20 
(41.6) (39.2) (48.1) 
Isaac Caroudeulx 15.5 2.875 21 
(72.2) (83.9) (55.6) 
Amant van Bullestraete 7.25 5 10 
( - 19.25) ( - 28.6) ( - 25.9) 
(b) 
215 99 142 53 23 
Wouter van Narssen 224 104 154 32 20 
(4.19) (5.05) (8.45) ( - 39.62) ( - 13.04) 
Reuixel van Narssen 224 112 150 84 26 
(4.19) (13.13) (5.63) (58.49) (13.04) 
Hans van Hanswijck 260 142 124 64 28 
(20.93) (43.43) ( - 12.68) (20.75) (21.70) 
Karel Blommaert 224 112 104 68 24 
(4.19) (13.13) (-26.76) (28.30) (4.30) 
Willem Raets 120 102 92 56 28 
( - 44.19) (3.03) ( - 35.21) (5.66) (21.70) 
Anthonis van Narssen 220 112 150 76 26 
(2.33) (13.13) (5.63) (43.40) (13.04) 
Aert de Wijnroeier 224 124 136 48 28 
(4.19) (25.25) ( -4.22) ( -9.43)  (21.70) 
Note. The results of the 1567 competition are given in (b); those of the other competition in (a). 
The volumes are given in Antwerp schreven, which are equal to 4 potten, in (a) and in potten in (b). 
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TABLE III 
THE KNOWN OFFICIAL ANTWERP WINE GAUGERS AND 
THEIR PERIODS OF ACTIVITY 
Jan Morchoven 
Bernaert Doudens 
Peter van Aelst 
Arnolt van den Borne 
Ryckart de Raeymaeker 
Aert de Wijnroeier 
Peter de Cock 
Carel Blommaert 
Michiel Coignet 
Melchior Blommaert 
Hans van Weerden 
Peter de Cock l° 
Gabriel van Bemel 
before 1550-before 1560 
before 1550-after 1561 
1551-about 1555? 
before 1560-? 
about 1564 
about 1567 
before 1572 
about 1570-before 1590 
1572 or 1573-1596 
about 1591 
?-1605 
1596-? 
1605-? 
10 It is not clear whether this Peter de Cock is a relative of 
the above-mentioned one. 
5. Were Wine Gaugers also Arithmetic Teachers? 
Folkerts [11] has shown that nearly all printed gauging manuals of the 16th 
century were written by teachers of arithmetic, some of whom were also wine 
gaugers. From this he deduces that prior to the time of Kepler's work, the practice 
of gauging fell within the domain of the so-called reckoning masters. The case of 
Antwerp, however, may provide a counterexample to this rule. Table III shows 
the known official wine gaugers. Although little is certain about heir professions 
outside of wine gauging, only one of them can be positively identified as a teacher: 
Michiel Coignet. The Antwerp teachers of the 16th century have been thoroughly 
indexed by De Groote [8], and we have indexed the arithmetic teachers of the 
period 1600-1620. Apart from Michiel Coignet, none of the gaugers or would-be 
gaugers cited above is mentioned in the documents of the schoolmasters' guild. 
A possible exception may be Joos le Pescheur. One Joas le Puscheur of Lille 
became a teacher of French in Amsterdam in 1566 [5, 95], and he may well be 
the Joos le Pescheur who entered the first competition. 
In what other profession, if any, did the wine gaugers engage? Unfortunately, 
we have only fragmentary information about their other occupations. Peter van 
Aelst [SAA, Pk645, 169-175; Pk651, 54; Pk652, 20; Pk715, 85; Pk719, 187] and 
Willem Raets [SAA, Cert 30(1569), f251v; Pk 639-640, 97-99] seem to have been 
merchants; Reuixel van Narssen may have been a "clerck at the Werf" (the wharf 
where all wine barrels were unloaded) [SAA, Pk643, 133v]; and Carel Blommaert 
left office between 1585 and 1590 to begin an orchard outside the city [SAA, 
Pk667, f301r]. 
We believe we can safely conclude that it was quite exceptional that a teacher 
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became a wine gauger in 16th-century Antwerp. How then can we explain the 
large number of teachers who wrote manuals? A partial explanation may lie in 
the fact that the practice of gauging formed part of the curriculum of some arithme- 
tic classes. The measurement of barrels may have been important to some of the 
pupils in their further careers as merchants. 
IV. CALCULATIONS CONCERNING THE VOLUME OF A BARREL 
No attempts were made during the 16th century to find a more accurate volume 
formula for wine barrels. Indeed, not even the approximation by two frusta of 
right circular cones was used much in the gauging practice. On the other hand, some 
gaugers tried to develop better methods for measuring the contents of partially filled 
barrels. What could have been the reason? In what follows, we compare the results 
the gaugers would have obtained with results computed under some plausible 
assumptions about the shape of a barrel. We show that, within limits, there was 
little need for new methods for calculating the volume of a barrel. 
1. Determining the Volume of a Barrel 
In this subsection we develop formulae to find the volume of liquid inside a 
barrel, and, where necessary, we use the 16th-century approximations tocompare 
this volume with that given by the gauging formula. We choose a rectangular 
coordinate system (Fig. 5) in which the unit of length equals 1 decimeter (dm). 
This has the obvious advantage that the calculated volume is expressed irectly 
in liters since 1 dm 3 = 1 liter. We take the x-axis parallel to the horizontal and 
passing through the centers of the ends. We represent the stave by a function 
y = f(x) in such a way that the highest point of the stave (the bunghole) is on the 
y-axis. We further assume that the barrel is the solid of revolution of the function 
f(x) about the x-axis. 
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The volume of the liquid is thus given by 
v -- G(x) dx, (1) 
where a and b are the x-coordinates of the ends, and G(x) is the area of the section 
of the liquid in the barrel at position x (Fig. 6). If the barrel is filled to the top, 
this integral becomes 
/ -  b 
V = ~a 7rfZ(x)dx. 
If the barrel is not full, we can nevertheless write (1) explicitly. Assume h to be 
the height above the x-axis (Fig. 7). At any position x, the depth of the liquid in 
the barrel is f(x) + h. 
We can distinguish four cases: h ~-f(a) and h ~ f(b); h > f(a);  h > f(b); and 
h > f(a) and h > f(b). In the following, we always consider the case in which 
h <-- f(a) and h <- f(b). It can be shown that the other cases can be reduced to 
the former (Fig. 8). (For example, if h > f(a) and h > f(b), we can divide the 
barrel into three parts: parts (1) and (3) are solids of revolution and part (2) can 
be viewed as a partially filled barrel.) 
Now consider the case in which h <-f(a) and h <-f(b). At a given coordinate 
x, the cross-section of the area of the liquid can be calculated. At position x, the 
radius R = f(x). We can divide the cross-section into two points with areas 
$1 and $2, respectively (Fig. 9). Here, S1 = ((~" + 20(x))/2) (f2(x)) and 
S 2 = ½f2(x) • sin(Tr - 20), where O(x) = arcsin (h/fix)). This implies that 
G(x) = Sl(X) + S2(x )
= ~ ~" + 2 arcsin 
(2) 
In general, it is impossible to calculate a primitive function for the expression on 
the right hand side of (2). Below we always integrate (2) using Simpson's rule. 
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2. Determining f(x) 
Finding a function which approximates the stave poses a problem since there 
are very few mathematical studies about barrels. Therefore, we have made arbi- 
trary but manipulable choices forf(x). We have chosen three approximations. In 
the first, we assume the barrel is the union of two frusta of a right circular cone. 
In the others, we take a circle and a parabola, respectively. We calculate the 
equation of the stave in terms of four parameters: the diameter at the bulge, the 
Y~ 
I 
L 
FIG. 8 
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diameter of an end, and the abscissae of the ends. This restriction stems from the 
fact that we have only been able to find measures for symmetrical barrels.l~ 
Obviously a barrel may be approximated by the union of two frusta of right 
circular cones with common base area. As early as the sixteenth century (1537), 
Vandenhoecke used this approximation [16, 26]. The diameter of the base area 
equals the diameter at the bulge. The diameter at the top areas is equal to the 
diameters at the ends of the barrel. In this case, the functionf(x) can be expressed 
as  
l f lc (x) = f (a)  - f(O).  x + f(O) x <-- 0 
a 
f c (x )  
If~c (x) f(O) - f (a)  . x + f(O) x >- O. l- a 
Note that f2~ is imposed if the the barrel is assumed to be symmetric with respect 
to the y-axis. This approximation obviously gives a lower bound for the volume 
of the barrel. 
Since, during the 18th century, the stave was sometimes approximated by a 
circle in the middle and a line toward the ends, we next analyze this type of 
approximation. Take a circle, of which the stave is an arc, centered on the y-axis. 
It has the equation 
fa (X)  = -- X 2 + 
where y = (f2(0) - f2(a) - a2)/2(f(O) - f (a)) ,  and R = f(0) - y. If the barrel 
is symmetrical, fa(a) = fa(b). For barrels with ends of radius f~(a) and f~(b) and 
" [6] and [21] are practical manuals intended for use by early 20th-century brewers. It was only in 
these booklets that we could find measurements of barrels which were actually being used. For the 
900-liter case, these measurements are: length 0.85 din; diameter at bulge 1.238 din; and diameter at 
ends 1.102 dm. 
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with bulge of radius fa (0), the approximation yields a result which is greater than 
the real volume of the barrel. (As is readily seen, this is due to the fact that the 
real stave has a large curvature at the bulge and a curvature near zero at the ends, 
while a circle has constant curvature). Finally, we consider the situation if the 
functionfrepresenting thestave is parabolic. Since in his Stereometria doliorum, 
of 1615, Kepler [13] used conic sections to approximate staves, this type of 
approximation also has historical precedent. (If the y-axis is an axis of symmetry, 
we have to posit additionally the coordinates of a center in order to determine 
the equations of an ellipse or hyperbola. Because this is unnecessary in the case 
of the parabola, we choose the simpler parabolic approximation.) The equation 
of the parabola, with the y-axis as axis of symmetry, iSfp(X) = ax  2 + f(O), where 
a = (fp(a) - fp(O))/a 2. 
3. Calculations 
In modern notation, the 16th-century measuring method can be rendered as 
r 2 = ½ (½(f2(b) + f2(a)) + f2(0)) 
V = ¢rrZlb - a I. (3) 
If the barrel is symmetrical, (3) becomes 
r 2 = ½ (f2(a) + f2(0)). 
For partially filled barrels, the formula from Raets's book may be expressed as 
rl = (f(O) + h)/2, where h is the height of the liquid above the central ine. Thus, 
rifler2 1 2 r2), (4) r2 = ½ ~ 1 + f2(0)) + ~(f (a) + f2(b)) + 
and V = rrr2lb - a[. 
Using this notation, we calculate the volume of a barrel of known dimensions, 
namely, length and diameter at bulge and bottoms, using the three approximations 
fc(X), fa(X), andfp(x) forf(x). For each method, we can also determine the relative 
error A Vi between the wine gauging method and the approximation 
Vi- Vw 
AVe- - - ,  
Vi 
where Vw = volume according to the wine gauging method, and Vi = volume 
calculated with the approximation. Note that, although we begin our calculations 
with barrels of a known volume, we do not calculate A V0, that is, the error of 
the wine gauging method relative to the given volume. As we change the parameters 
in the calculations, we obviously also change the volume. We also note that if 
the real volume VR of the barrel is larger than the calculated volume, A V~ will be 
smaller than AVR. Indeed, since Vi < VR, we have (V R - Vw)/V R > (V i - Vw)/Vi. 
This presents no problem below since this can only be the case for the conic 
approximation, for which AVc turns out to be negative, so that laWcl > lawR[, 
We use the dimensions given by Brunet and Renard in all of our calculations; 
142 AD MESKENS HM 21 
0.04 
0.035 
0.03 
0.025 
0.02 
0.015 
0.01 
0.005 
0 
-0.005 
0 1 2 3 4 
end + 0.02xZbulge 
[] parabola + circle o cone 
FIG. I0. The inf luence of the end-bu lge  rat io (contents 900 liters). 
that is, we consider barrels with volumes of 220, 300, 400 . . . . .  1200 liters, 
respectively. Because these sets of results are analogous, we present only the 
figures for a barrel containing 900 liters, a"standard volume" in the Low Countries 
[7, 281. 
4. Results for Full Barrels 
4.1. The influence off(O)/f(a). In this subsection, we only consider symmetrical 
barrels. To examine the influence off(a) relative to f(0), namely, the ratio of the 
diameters at the bulge and at the bottoms, we use the following iterative process. 
Take f(0) andf(a) based on the given dimensions and calculate V0. Then recalcu- 
late the volume, replacing f(a) by f(a) + 0.02.f(0). Continue this process until 
f(a) >- f(O). (see Fig. 10.) It is immediately clear that AV c is very small. This, 
however, is not surprising, since 
Vc-Vw 
zXV~ = Vc 
= 1 - f2(0) + f2(a) 
f2(0) + f(0) "f(a) + f2(a)" 
Putting f(a) = 0.8f(0) gives AV~ = -0.008, and f(a) > 0.8f(0) implies that 
-0.008 < AVe < 0. Taking human error into account, we can, in view of the 
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small relative rror, assume that approximations by frusta and the gauging method 
yield essentially the same results. Perhaps this is why the gauging method was 
preferred to this particular approximation: a simple calculation yields nearly the 
same results as the complicated calculation involved in an approximation by frusta. 
Moreover, the circular and parabolic approximations also produce relative errors 
so small that the error relative to the real volume would have been between 0% 
and 8%. This means that the maximum systematic error for a barrel containing 
900 liters would have been smaller than 72 liters, or half an aam. 
Taking human error and instrumental inaccuracies into account, we can con- 
clude that the gauging formula gives results which are in good agreement with 
our calculations. If we now take another look at Tables Ia and Ib, we see that 
most of the measurements are, indeed, within the proposed boundaries. 
4.2. The influence of the position of the bulge. To investigate the influence of 
the asymmetry of barrels, we let the abscissa of one end vary from - 3L/4 to 
-L /2  and calculate the volumes at increments of 0.1 until a >- -L /2.  Because 
of the algorithm, the (calculated) diameter of the second end will be larger than 
the given diameter of the first end. This method guarantees that all parameters 
exist in every approximation. If - L /2  <- a <- O, there is always the possibility 
that fa(X) does not exist or that fp(X) is negative. (We point out that for very 
asymmetrical barrels, namely, those in which the bulge is "far" from the middle, 
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FIG. 12. The influence of the asymmetry for two-function representations (contents 900 liters). 
we do not know how well our approximations model reality. However, since most 
barrels give an impression of symmetry, we doubt that such barrels should be 
taken into account.) 
We can see (Fig. 11) that the farther the bulge is from the center, the smaller 
the relative errors of the parabolic and circular approximations. The relative error 
of the approximation by frustra, in absolute value, becomes large. We conclude 
that the error relative to the real volume falls within the same bounds as for 
symmetrical barrels. 
Up to this point, we have used functions to approximate the stave which can 
be rendered in one formula. This means that the diameters at the ends of the 
barrel are different from each other. As we have already noted, we do not know 
whether the approximations are still valid when the bulge is far off-center. We 
have therefore made a second set of calculations inwhich the stave was represented 
by two functions, in order to keep the diameters at the ends equal. In each instance, 
we  denoted the two pieces of the function f by fl and f2, each representing the 
approximation ofthe stave between the bulge and one of the ends. We determined 
these functions using the method escribed in Section IV.2 and made calculations 
for the parabolic and circular approximation only. (If both ends have the same 
diameter, the volume obtained by an approximation by frusta will be constant, 
whatever the position of the bulge.) Our figures indicate that moving the bulge 
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FIG. 13. The relative error for partially filled barrels (contents 900 liters). 
has only a minimal effect, and, in general, the relative rror will have a maximum 
value of 8%, in many cases even less than 5%. (See Fig. 12.) 
4.3. Conclusions. The 16th-century gauging method for measuring the volume 
of a barrel seems to have had a relative error smaller than 8%. This also means 
an error smaller than 8% of the real volume, since our approximations give an upper 
and a lower bound. The most important parameter seems to be the "bulginess" or 
the ratio of the diameter of the barrel at the ends to its diameter at the bulge: the 
smaller the bulge, the smaller the error. The position of the bulge has relatively 
little effect on the error. Of course, our calculations do not account for the fact 
that the stave was sometimes hollowed out at the bulge, which means that the 
gauging method may yield a larger volume than the one we have calculated here. 
(As noted above, there were tricks to give the impression that a barrel contained 
more or less liquid. Hollowing out the stave resulted in a higher sale price but 
also in a greater tax.) Be this as it may, our results, which are sensitive to the 
historical methods, are in good agreement with the real volume. 
5. Results for Partially Filled Barrels 
In this section, we discuss the results of calculations involving partially filled 
barrels, under the assumption that the barrels are symmetric with respect o the 
y-axis. We vary the depth h of the liquid from half full to the depth at which the 
liquid was higher than the ends (h >- f(a)), increasing the depth by 0.1 x f(0) at 
146 AD MESKENS HM 21 
each iteration. (We start at h = 0, because for h < 0 we can calculate the volume 
of the liquid by measuring the volume of the empty part and then subtracting from 
the volume of the barrel.) We note that the relative error increases rapidly, to 
roughly h = f(0)/2 or three quarters of the length of the bulge, and then decreases. 
Recall that Michiel Coignet, one of the wine gaugers we encountered in Section 
III, commented on the imprecision of the method given in Raets's book for partially 
filled barrels, and we can wholeheartedly agree with him. If we use that formula 
to calculate the volume of liquid in a half empty barrel and then compare it with 
half of the volume of the barrel calculated using the gauging method, we get a 
relative error near 8%! Indeed, putting h = 0 in (4) yields V0 = ½ (~f2(0)  + 
½fZ(a)), and settingf(a) = 0.8f(0), we see that AV = -½ ~ f2(0)/¼ ~f2(0)  = 
-0.076. (See Fig. 13.) 
The accuracy of Coignet's method of determining the volume using a propor- 
tional compass will be a function of the accuracy of the graduation of the compass. 
For a partially filled cylinder, it will, if correctly graduated, yield better esults 
than Raets's method. 
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